First moments of nucleon generalized parton distributions in chiral
  perturbation theory at full one-loop order by Wein, Philipp et al.
ar
X
iv
:1
40
2.
49
79
v2
  [
he
p-
ph
]  
11
 N
ov
 20
14
First moments of nucleon generalized parton distributions in chiral perturbation
theory at full one-loop order
Philipp Wein,∗ Peter C. Bruns,† and Andreas Scha¨fer‡
Universita¨t Regensburg
In this paper we present chiral extrapolation formulas for the generalized form factors connected
to the first moments of chiral-even generalized parton distributions. For the description of QCD
at low energies we employ the framework of two-flavor covariant baryon chiral perturbation theory
at full one-loop accuracy. Our results are well suited for the extrapolation of lattice QCD data to
physical quark masses.
PACS numbers: 11.30.Rd, 12.39.Fe, 14.20.Dh
I. INTRODUCTION
By the end of the last century generalized parton dis-
tributions (GPDs) had been identified as a suitable tool
to parametrize exclusive processes and to extract the con-
tained information on hadron structure [1–4] (for a more
detailed description we refer to the reviews [5–7]). This
has triggered large activities in both the experimental
and theoretical communities. On the experimental side
one faces the difficulty that (hard) exclusive processes
are power suppressed. Hence, precision measurements
are challenging and require high luminosities. In addi-
tion, GPDs enter the cross section not directly, but via
a convolution with a hard scattering kernel. Comple-
mentary information from the theoretical side is there-
fore most valuable. One framework capable of providing
such information on nonperturbative quantities is lattice
QCD. Unfortunately simulations suffer typically from at
least one of the systematic errors associated with dis-
cretization, finite volume and unphysical quark masses.
Therefore, having a better control over some of the var-
ious extrapolations and the associated systematic errors
is very helpful to obtain reliable quantitative results. The
most rigorous way to gain such control is given by chi-
ral perturbation theory [8–10] as opposed to ad hoc or
model-based extrapolation formulas.
In this paper we focus on the first x moments of chiral-
even GPDs. In the parity-even sector those encode infor-
mation on the momentum distribution of the considered
parton species, since the corresponding local operators
coincide with the off-diagonal elements of the energy-
momentum tensor. In the forward limit one has simple
relations to the momentum fraction and the total angu-
lar momentum carried by a specific parton species (as
pointed out by Ji [2]). The first moment of the parity-
odd quark GPD has been linked to the quark spin-orbit
correlation recently (see Ref. [11]). We use the frame-
work of two-flavor covariant baryon chiral perturbation
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theory (BChPT) [10, 12] to obtain analytic formulas de-
scribing the pion mass dependence of the first moments
at full one-loop order (≃ O(p3), where p represents both
the scale of the pion mass and the momentum trans-
fer, which are considered to be small in the low-energy
regime). There already exist various heavy baryon calcu-
lations on the topic (e.g. [13–19]) and covariant leading
one-loop calculations [20, 21], where third-order effects
are only partially included. This work is an extension of
Ref. [20]. Advancing to third chiral order, the number of
possible low-energy structures rises significantly. Elimi-
nations via the equations of motion (EOM) will therefore
be an important topic in Sec. III. It turns out that the
full one-loop result contains numerous new low-energy
constants (LECs). In Sec. IV we therefore discuss two
possibilities to reduce the number of free parameters if
the available lattice data is not sufficient to pin down all
LECs. The reduction of the results to the heavy BChPT
version is presented in Sec. V. We begin this article with
a review of properties of chiral-even GPDs to establish a
basis for the later analysis.
II. CHIRAL-EVEN GPDS
There are in total four different kinds of chiral-even
GPDs: two quark distributions F q, F˜ q, which are defined
for each quark flavor separately, and two gluon distribu-
tions F g, F˜ g, where F˜ q and F˜ g are (parton) spin depen-
dent. The nth x moments of these quantities are defined
as the integral over x from −1 to 1, with the weight factor
xn for quark and xn−1 for gluon distributions. Mirroring
the fact that gluons are their own antiparticles, F g is
an even and F˜ g an odd function of x and all odd mo-
ments of F˜ g vanish accordingly. The three GPDs with
nonvanishing first moments are defined as [5]
F q = 1
2
∞
∫
−∞
dz−
2π
eixp¯
+
z
−⟨p′∣q¯(−z/2)γ+q(z/2)∣p⟩
= 1
2p¯+
u¯(p′)[Hq(x, ξ, t)γ+ +Eq(x, ξ, t) iσ+α∆α
2mN
]u(p) ,
(1a)
2F˜ q = 1
2
∞
∫
−∞
dz−
2π
eixp¯
+z−⟨p′∣q¯(−z/2)γ+γ5q(z/2)∣p⟩
= 1
2p¯+
u¯(p′)[H˜q(x, ξ, t)γ+γ5 + E˜q(x, ξ, t)γ5∆+
2mN
]u(p) ,
(1b)
F g = 1
p¯+
∞
∫
−∞
dz−
2π
eixp¯
+z−⟨p′∣G+µ(−z/2)G +µ (z/2)∣p⟩
= 1
2p¯+
u¯(p′)[Hg(x, ξ, t)γ+ +Eg(x, ξ, t) iσ+α∆α
2mN
]u(p) ,
(1c)
where the spin dependence of the nucleon states and
spinors is not written out explicitly and z is a light-
like vector with vanishing plus component (for the defini-
tion of plus and minus components see Ref. [5]; compare
also [3]). To assure gauge invariance the fields in the non-
local operators are connected by Wilson lines which we
do not write out explicitly. The kinematic variables are
defined as
p¯ = 1
2
(p′ + p) , ∆ = p′ − p ,
ξ = − ∆
+
2 p¯+
, t =∆2 . (2)
The first moments of the GPDs are related to the matrix
elements of the local twist-two operators,
Oqµν = 12 S q¯γµ(iD−ν)q , (3a)
O˜qµν = 12 S q¯γµγ5(iD−ν)q , (3b)
Ogµν = SGµαGαν , (3c)
where D−µ =
→
Dµ −
←
Dµ and the operator S projects onto
leading twist by symmetrizing in Lorentz indices and sub-
tracting traces. When acting on an object with two open
indices S has the explicit form
SOµν = Sµν
αβ
Oαβ = 1
2
(gµαgνβ + gµβgνα − 2dgµνgαβ)Oαβ .
(4)
The nucleon-to-nucleon matrix elements of these local
currents are accessible by lattice simulations and decom-
pose into [5]
⟨p′∣Oqµν ∣p⟩ = S u¯(p′)[γµp¯νAq2,0(t) + iσµα∆
α
2mN
p¯νB
q
2,0(t)
+ ∆µ∆ν
mN
C
q
2
(t)]u(p) , (5a)
⟨p′∣O˜qµν ∣p⟩ = S u¯(p′)[γµγ5p¯νA˜q2,0(t)
+ γ5∆µ
2mN
p¯νB˜
q
2,0(t)]u(p) ,
(5b)
⟨p′∣Ogµν ∣p⟩ = S u¯(p′)[γµp¯νAg2,0(t) + iσµα∆
α
2mN
p¯νB
g
2,0(t)
+ ∆µ∆ν
mN
C
g
2
(t)]u(p) . (5c)
The occurring generalized form factors are related to the
GPD moments via
1
∫
−1
dxxHq(x, ξ, t) = Aq
2,0(t) + 4ξ2Cq2(t) , (6a)
1
∫
−1
dxxEq(x, ξ, t) = Bq
2,0(t) − 4ξ2Cq2(t) , (6b)
1
∫
−1
dxxH˜q(x, ξ, t) = A˜q
2,0(t) , (6c)
1
∫
−1
dxx E˜q(x, ξ, t) = B˜q
2,0(t) , (6d)
1
∫
0
dxHg(x, ξ, t) = Ag
2,0(t) + 4ξ2Cg2 (t) , (6e)
1
∫
0
dxEg(x, ξ, t) = Bg
2,0(t) − 4ξ2Cg2 (t) . (6f)
In the forward limit the form factor Ap
2,0 corresponds to
the mean momentum fraction carried by a parton species
p, while the sum (Ap
2,0 + Bp2,0)/2 yields its total angu-
lar momentum in a longitudinally polarized nucleon (see
e.g. [2]). These relations are direct consequences of the
equality between Oqµν/Ogµν and the quark/gluon part of
the Belinfante improved energy-momentum tensor. From
the fact that all parton species together have to carry the
(total angular) momentum of the nucleon one directly de-
duces sum rules for the generalized form factors:
A
g
2,0(0) +∑
q
A
q
2,0(0) = 1 , (7a)
B
g
2,0(0)+∑
q
B
q
2,0(0) = 0 . (7b)
III. OPERATOR CONSTRUCTION
In this section we construct the low-energy version of
the local operators given in Eq. (3). We do this by tak-
ing into account all possible combinations of chiral build-
ing blocks that have the desired properties under chiral
rotations (χˆ), parity transformation (pˆ), charge (cˆ) and
Hermitian (†) conjugation. When considering the parity
transformation of objects with open Lorentz indices we
always give the transformation of the zero components.
3A. Symmetry properties of the chiral fields
We will use one of the standard formulations of two-
flavor BChPT (for general BChPT reviews, see e.g. [22,
23]). However, we neglect all external fields from the
beginning, since they are not of interest for our consid-
erations. The pion fields are contained in
u = exp( i
2F0
τaπa) , (8)
where τ1, τ2 and τ3 are Pauli matrices and F0 is the
pion decay constant in the chiral limit, so that Fπ =
F0 + O(m2π) ≈ 92 MeV. The isospinor Ψ contains the
proton and the neutron fields. Let us from now on use
X ∈ {R,L}, L¯ = R and R¯ = L. Where they are not used as
an index, L and R are meant to be elements of SU(2)L/R.
Defining uR = u and uL = u† the transformation proper-
ties of u are
uX,fg
χˆÐ→ (XuXK†)fg = (KuXX¯†)fg , (9a)
uX,fg
pˆÐ→ uX¯,fg , (9b)
uX,fg
cˆÐ→ uX,gf , (9c)
uX,fg
†Ð→ uX¯,gf , (9d)
with flavor indices f, g and the so-called compensator
field K, which is a common, nonlinear realization of chi-
ral symmetry [10, 24]. For the nucleon field we have
Ψβg
χˆÐ→ (KΨβ)
g
, Ψ¯αf
χˆÐ→ (Ψ¯αK†)
f
, (10a)
Ψβg
pˆÐ→ (γ0Ψg)β , Ψ¯αf pˆÐ→ (Ψ¯fγ0)α , (10b)
Ψβg
cˆÐ→ (Ψ¯gC)β , Ψ¯αf cˆÐ→ (CΨf)α , (10c)
Ψβg
†Ð→ (Ψ¯gγ0)β , Ψ¯αf †Ð→ (γ0Ψf)α , (10d)
where C = iγ2γ0 is the charge conjugation matrix. The
covariant derivative acting on a nucleon field is defined
as
→
DµΨ = (∂µ + Γµ)Ψ , Ψ¯←Dµ = Ψ¯(←∂µ − Γµ) , (11)
where Γµ is called the chiral connection and is given by
Γµ = 1
2
(u†∂µu + u∂µu†) . (12)
Working with nucleon bilinears it is convenient to define
left-right (covariant) derivatives that only act on the nu-
cleon fields,
Ψ¯AΓD±µΨ = Ψ¯(AΓ→Dµ ± ←DµAΓ)Ψ , (13)
where A and Γ are placeholders for arbitrary chiral build-
ing blocks and Dirac structures. It is easy to show that
the covariant derivative sandwiched between two nucleon
spinors has the following transformation properties,
D±µ
χˆÐ→ KD±µK† , (14a)
D±µ
pˆÐ→ ηPD±D±µ , (14b)
D±µ
cˆÐ→ ηCD±D±µ , (14c)
D±µ
†Ð→ ηhD±D±µ , (14d)
where ηPD± ≡ 1, ηCD± ≡ ±1 and ηhD± ≡ ±1 (the minus sign
from interchanging the nucleon fields is not included in
ηC). Note thatD+µ has to be counted as small (first order)
since the nucleon mass term drops out in the momentum
difference. In a case where we have more than one co-
variant derivative we define a string of plus and minus
derivatives as
D±1µ1⋯D±nµn =
n
∑
k=0
∑
σ∈Sn
(±
σ(1)
1)⋯(±
σ(k)
1)
k!(n − k)!
× ←Dµσ(1)⋯
←
Dµσ(k)
→
Dµσ(k+1)⋯
→
Dµσ(n) ,
(15)
where Sn is the symmetric group of degree n. The sym-
metrization within the covariant derivatives acting to the
left/right is possible due to the curvature relation given
below (see Eq. (40)). The derivatives are meant to act
on the nucleon fields only. We find the transformation
properties,
D±1µ1⋯D±nµn
χˆÐ→KD±1µ1⋯D±nµnK† , (16a)
D±1µ1⋯D±nµn
pˆÐ→ ηPD±1⋯ηPD±nD±1µ1⋯D±nµn , (16b)
D±1µ1⋯D±nµn
cˆÐ→ ηCD±1⋯ηCD±nD±1µ1⋯D±nµn , (16c)
D±1µ1⋯D±nµn
†Ð→ ηhD±1⋯ηhD±nD±1µ1⋯D±nµn . (16d)
For the case of two derivatives Eq. (15) reads
Ψ¯AΓD±1µ D
±2
ν Ψ
= Ψ¯(AΓ1
2
(→Dµ→Dν + →Dν →Dµ) ±1 ←DµAΓ→Dν
±2
←
DνAΓ
→
Dµ + (±11)(±21)1
2
(←Dµ←Dν + ←Dν ←Dµ)AΓ)Ψ .
(17)
The chiral vielbein uµ and the quark mass insertions χ
±
are defined as
uµ = i(u†∂µu − u∂µu†) , (18)
χ± = (u†χu† ± uχ†u) , (19)
where χ = 2B0M includes the quark mass matrix. For
A ∈ {uµ, χ±} we have the transformation properties
Afg
χˆÐ→ (KAK†)
fg
, (20a)
Afg
pˆÐ→ ηPAAfg , (20b)
4TABLE I: The constants ηP , ηC and ηh characterizing the
symmetry properties of the basic operators, elements of the
Clifford algebra and the Levi-Civita symbol.
A ηPA η
C
A η
h
A
1 1 1 1
uµ −1 1 1
χ± ±1 1 ±1
D±µ 1 ±1 ±1
Dµ (acting on pion field) 1 1 1
1 1 −1 1
γ5 −1 −1 −1
γµ 1 1 1
γµγ5 −1 −1 1
σµν 1 1 1
ǫµνρσ −1 1 1
Afg
cˆÐ→ ηCAAgf , (20c)
Afg
†Ð→ ηhAAgf , (20d)
where the corresponding η’s can be found in Table I.
In the same table the reader finds the transformation
properties formally assigned to the covariant derivative
acting on those building blocks DµA = ∂µA+[Γµ,A]. For
strings of building blocks we obtain
ηP{A,B}± = ηPAηPB , (21a)
ηC{A,B}± = ±ηCAηCB , (21b)
ηh{A,B}± = ±ηhAηhB . (21c)
Finally we define for the elements of the Clifford algebra,
Γ = ηPΓ γ0Γγ0 , (22a)
ΓT = ηC
Γ
CΓC , (22b)
Γ† = ηhΓγ0Γγ0 . (22c)
B. Symmetry properties of the operators
For the following construction it is convenient to define
operators with arbitrary quark flavors by
OQµν = 12 S q¯fγµ(iD−ν)Qfgqg , (23a)
O˜Qµν = 12 S q¯fγµγ5(iD−ν)Qfgqg , (23b)
where Q is a 2 × 2 matrix and f, g are flavor indices.
Being chiral even, the operators can be split in parts
that contain left- or right-handed quarks (qX = γXqX ,
γR/L = (1 ± γ5)/2) exclusively,
OQµν = Qfg(OR,µν,fg +OL,µν,fg) , (24a)
O˜Qµν =Qfg(OR,µν,fg −OL,µν,fg) , (24b)
where the operators OX , X ∈ {R,L} are given by
OX,µν,fg = 1
2
Sq¯Xfγµ(iD−ν)qXg . (25)
The transformation properties of the (right- and left-
handed) quark and antiquark fields under chiral rota-
tions, parity transformations, charge and Hermitian con-
jugation,
q
β
Xg
χˆÐ→ (Xqβ
X
)
g
, q¯αXf
χˆÐ→ (q¯αXX†)f , (26a)
q
β
Xg
pˆÐ→ (γ0qX¯g)β , q¯αXf pˆÐ→ (q¯X¯fγ0)α , (26b)
q
β
Xg
cˆÐ→ (q¯X¯gC)β , q¯αXf cˆÐ→ (CqX¯f)α , (26c)
q
β
Xg
†Ð→ (q¯Xgγ0)β , q¯αXf †Ð→ (γ0qXf )α , (26d)
yield the following symmetry properties for the composite
operators:
OX,µν,fg χˆÐ→ Xgg′OX,µν,f ′g′X†f ′f , (27a)
OX,µν,fg pˆÐ→ OX¯,µν,fg , (27b)
OX,µν,fg cˆÐ→ OX¯,µν,gf , (27c)
OX,µν,fg †Ð→ OX,µν,gf . (27d)
These transformation properties have to be reproduced
by the low-energy version of the currents and will guide
the construction performed in the following sections.
C. Mesonic sector
In the mesonic sector we can easily write down the
operator in terms of chiral fields which have the correct
properties under chiral rotations,
OX,µν,fg = S ∑
A
LX,A(uXAµνuX¯)gf
+ 1gf S ∑
A
LsX,A tr {uXAµνuX¯} , (28)
where the A’s have to be combinations of chiral building
blocks. To comply with the remaining symmetry proper-
ties given in Eq. (27) we have to demand that the LECs
fulfill the following constraints:
LX¯,A = LX,AηPA ∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCAηPA = −1
R if ηhA = 1
I if ηhA = −1
. (29)
Up to second (chiral) order there is only one possible
structure for A, which is uµuν . Defining the LECs such
that isosinglet and -triplet are neatly separated (l = LR,A
5and ls = LsR,A +LR,A/2), we find for the mesonic part of
the complete operators,
OQµν ∣
π,2
= S tr {(lQ˜ + ls tr {Q})(uuµuνu† + u†uµuνu)} .
(30a)
O˜Qµν ∣
π,2
= S tr {lQ˜(uuµuνu† − u†uµuνu)} , (30b)
where
Q˜ ≡ Q − 1
2
tr {Q} . (31)
These structures are of second chiral order. We will not
discuss higher-order structures since they do not con-
tribute to our calculation.
D. Nucleon sector
A power counting analysis of all possible Feynman dia-
grams (compare Fig. 1) yields that only zeroth- and first-
order NππN and NπN operator insertions contribute to
graphs (b), (d) and (e) at full one-loop level. Thus, in
the nucleon sector, we only have to construct second-
and third-order operator structures without additional
pions. Working in the limit of exact isospin symmetry,
this leaves us, aside from covariant derivatives acting on
the nucleon fields, with only three possible chiral build-
ing blocks 1, tr {χ+}1 and uµ, where the chiral vielbein
only occurs at most once in operators of first chiral order.
As a first step we write down all structures with correct
behavior under chiral transformations,
OX,µν,fg =∑
(A)µν ,±
L±X,A((Ψ¯A1uX¯)fAΓ(uXA2Ψ)g
± (Ψ¯A2uX¯)fAΓ(uXA1Ψ)g)
+∑
(A)µν
LsX,A(uXA1uX¯)gf (Ψ¯A2AΓΨ) ,
(32)
with A ≡ A1 ⊗ A2 ⊗ AΓ, where A1 and A2 are chiral
building blocks, while AΓ contains elements of the Clif-
ford algebra and derivatives acting on the nucleon fields.
In order to have correct properties under parity trans-
formation, charge and Hermitian conjugation the LECs
have to fulfill the following relations:
L±¯
X,A
= L±X,AηPA1ηPA2ηPAΓ
∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCA1ηCA2ηCAΓηPA1ηPA2ηPAΓ = ±1
R if ηhA1η
h
A2
ηhAΓ = ±1
I if ηhA1η
h
A2
ηhAΓ = ∓1
,
(33a)
Ls
X¯,A
= LsX,AηPA1ηPA2ηPAΓ
∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCA1ηCA2ηCAΓηPA1ηPA2ηPAΓ = +1
R if ηhA1η
h
A2
ηhAΓ = +1
I if ηhA1η
h
A2
ηhAΓ = −1
.
(33b)
TABLE II: Elements of D(0)µ , D
(0)
{µν}
, D(1)
{µν}
, D(2)
{µν}
, D(3)
{µν}
and
D(0)
{µν}α
and their symmetry properties. All operators in the
second column still have to by symmetrized in µ and ν by S.
A ηPA η
C
A η
h
A
A ∈ D(0)µ γ5D−µ −1 +1 +1
γµ +1 +1 +1
γµγ5 −1 −1 +1
A ∈ D(0)
{µν}
γ5D
−
µD
−
ν −1 −1 −1
γµD
−
ν +1 −1 −1
γµγ5D
−
ν −1 +1 −1
A ∈ D(1)
{µν}
γ5D
+
µD
−
ν −1 +1 +1
γµD
+
ν +1 +1 +1
γµγ5D
+
ν −1 −1 +1
σµβD
+βD−ν +1 −1 −1
A ∈ D(2)
{µν}
D+µD
+
ν +1 −1 +1
γ5D
+
µD
+
ν −1 −1 −1
σµβD
+βD+ν +1 +1 +1
+D(0)
{µν}
D+·D+
A ∈ D(3)
{µν}
= D(1)
{µν}
D+·D+
A ∈ D(0)
{µν}α
γ5D
−
µD
−
νD
−
α −1 +1 +1
γµD
−
νD
−
α +1 +1 +1
γαD
−
µD
−
ν +1 +1 +1
γµγ5D
−
νD
−
α −1 −1 +1
γαγ5D
−
µD
−
ν −1 −1 +1
σµαD
−
ν +1 −1 −1
ǫµαρσσ
ρσD−ν −1 −1 −1
For the actual construction this form of the operator is
quite unhandy. It is more convenient to treat the parts
of the operator containing different chiral building blocks
separately,
O1,(n)
X,µν,fg
= ∑
Aµν∈D(n){µν}
(L1X,A(Ψ¯uX¯)fAµν(uXΨ)g
+L1,s
X,A
1gf (Ψ¯AµνΨ)) , (34a)
Oχ+,(n≥2)
X,µν,fg
= tr {χ+}∑
Aµν∈D(n−2){µν}
(Lχ+
X,A
(Ψ¯uX¯)fAµν(uXΨ)g
+Lχ+,sX,A 1gf (Ψ¯AµνΨ)) , (34b)
Ou,(1)
X,µν,fg
= ∑
Aµνα∈D(0){µν}α
Aµνα∈gα{µD
(0)
ν}
(LuX,A( (Ψ¯uαuX¯)fAµνα(uXΨ)g
+ ηCAηPA(Ψ¯uX¯)fAµνα(uXuαΨ)g)
+Lu,s1X,A 1gf (Ψ¯uαAµναΨ)
+Lu,s2X,A (uXuαuX¯)gf(Ψ¯AµναΨ)) ,
(34c)
6where the number in brackets denotes the chiral order.
For the LECs we then have the following relations:
L
1(,s)
X¯,A
= L1(,s)X,A ηPA ∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCAηPA = +1
R if ηhA = +1
I if ηhA = −1
, (35a)
L
χ
+(,s)
X¯,A
= Lχ+(,s)
X,A
ηPA ∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCAηPA = +1
R if ηhA = +1
I if ηhA = −1
, (35b)
Lu
X¯,A
= LuX,AηPA ∈
⎧⎪⎪⎨⎪⎪⎩R if η
h
A = +ηCAηPA
I if ηhA = −ηCAηPA
, (35c)
L
u,s1/s2
X¯,A
= Lu,s1/s2
X,A
ηPA ∈
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
{0} if ηCAηPA = −1
R if ηhA = +1
I if ηhA = −1
. (35d)
The elements of the D’s and their symmetry properties
are collected in Table II. To reduce the number of possible
terms it is essential to use the (free) EOM,
i
→/DΨ ·=mΨ , Ψ¯i←/D ·= −Ψ¯m , (36)
where the dot over the equal sign means up to higher
order. Using Eq. (36) one finds two identities,
Ψ¯Γγβ
→
DβΨ = Ψ¯(1
2
{Γ, γβ} + 1
2
[Γ, γβ])→DβΨ ·= −imΨ¯ΓΨ ,
(37a)
Ψ¯γβΓ
←
DβΨ = Ψ¯(1
2
{Γ, γβ} − 1
2
[Γ, γβ])←DβΨ ·= imΨ¯ΓΨ ,
(37b)
which can be rewritten as
Ψ¯(1
2
{Γ, γβ}D+β + 12 [Γ, γβ]D−β)Ψ ·= 0 , (38a)
Ψ¯(1
2
{Γ, γβ}D−β + 12 [Γ, γβ]D+β)Ψ ·= −2imΨ¯ΓΨ , (38b)
where Γ ∈ {1, γ5, γµ, γµγ5, σµν , σµνγ5}. These relations
also hold if we insert additional chiral building blocks
or an arbitrary number of derivatives. They are similar
to those given in Refs. [25] and [26]. For the different
possible Clifford matrices we find explicitly
1 Ψ¯γβD+βΨ
·= 0 , (39a)
Ψ¯γβD−βΨ
·= −2imΨ¯Ψ , (39b)
γ5 Ψ¯γ
βγ5D
−
βΨ
·= 0 , (39c)
Ψ¯γβγ5D
+
βΨ
·= −2imΨ¯γ5Ψ , (39d)
γµ Ψ¯iσµβD−βΨ
·= Ψ¯D+µΨ , (39e)
Ψ¯iσµβD+βΨ
·= Ψ¯D−µΨ + 2imΨ¯γµΨ , (39f)
TABLE III: Structures contributing to the full one-loop cal-
culation. We only write down terms that survive the EOM
eliminations discussed in the text and the symmetrization by
S later on.
n i On,iµν O˜n,iµν
0 1 uQ,+s
0,1 γµiD
−
ν u
Q,−
0,1 γµiD
−
ν
2 uQ,−
0,2 γµγ5iD
−
ν u
Q,+s
0,2 γµγ5iD
−
ν
1 1 uQ,−
1,1 γ5D
+
µD
−
ν u
Q,+s
1,1 γ5D
+
µD
−
ν
2 uQ,+s
1,2 σ
α
µ D
+
αiD
−
ν u
Q,−
1,2 σ
α
µ D
+
αiD
−
ν
3 {uµ, uQ,+1,3 }−γ5iD
−
ν {uµ, u
Q,−
1,3 }−γ5iD
−
ν
4 {uµ, uQ,−1,4 }+γν {uµ, u
Q,+s
1,4 }+γν
5 tr{uµuQ,−1,5 }γν tr{uµu
Q,+
1,5 }γν
6 {uµ, uQ,+s1,6 }+γνγ5 {uµ, u
Q,−
1,6 }+γνγ5
7 tr{uµuQ,+1,7 }γνγ5 tr{uµu
Q,−
1,7 }γνγ5
8 {uα, uQ,+
1,8 }−γ5iD
−
µD
−
νD
−
α {uα, u
Q,−
1,8 }−γ5iD
−
µD
−
νD
−
α
9 {uα, uQ,−
1,9 }+γµD
−
νD
−
α {uα, u
Q,+s
1,9 }+γµD
−
νD
−
α
10 tr{uαuQ,−
1,10}γµD
−
νD
−
α tr{uαu
Q,+
1,10}γµD
−
νD
−
α
11 {uα, uQ,−
1,11}+γαD
−
µD
−
ν {uα, u
Q,+s
1,11 }+γαD
−
µD
−
ν
12 tr{uαuQ,−
1,12}γαD
−
µD
−
ν tr{u
αu
Q,+
1,12}γαD
−
µD
−
ν
13 {uα, uQ,+s
1,13 }+γµγ5D
−
νD
−
α {uα, u
Q,−
1,13}+γµγ5D
−
νD
−
α
14 tr{uαuQ,+
1,14}γµγ5D
−
νD
−
α tr{uαu
Q,−
1,14}γµγ5D
−
νD
−
α
15 {uα, uQ,+s
1,15 }+γαγ5D
−
µD
−
ν {uα, u
Q,−
1,15}+γαγ5D
−
µD
−
ν
16 tr{uαuQ,+
1,16}γαγ5D
−
µD
−
ν tr{uαu
Q,−
1,16}γαγ5D
−
µD
−
ν
17 {uα, uQ,−
1,17}−σµαD
−
ν {u
α, u
Q,+
1,17}−σµαD
−
ν
18 {uα, uQ,+s
1,18 }+ǫµαρσσ
ρσiD−ν {uα, u
Q,−
1,18}+ǫµαρσσ
ρσiD−ν
19 tr{uαuQ,+
1,19} ǫµαρσσ
ρσiD−ν tr{uαu
Q,−
1,19} ǫµαρσσ
ρσiD−ν
2 1 uQ,+s
2,1 D
+
µD
+
ν u
Q,−
2,1 D
+
µD
+
ν
2 uQ,+s
2,2 γµiD
−
ν tr {χ
+} uQ,−
2,2 γµiD
−
ν tr {χ
+}
3 uQ,+s
2,3 γµiD
−
νD
+
·D+ u
Q,−
2,3 γµiD
−
νD
+
·D+
4 uQ,−
2,4 γµγ5iD
−
ν tr{χ+} u
Q,+s
2,4 γµγ5iD
−
ν tr{χ+}
5 uQ,−
2,5 γµγ5iD
−
νD
+
·D+ u
Q,+s
2,5 γµγ5iD
−
νD
+
·D+
3 1 uQ,−
3,1 γ5D
+
µD
−
ν tr{χ+} u
Q,+s
3,1 γ5D
+
µD
−
ν tr{χ+}
2 uQ,−
3,2 γ5D
+
µD
−
νD
+
·D+ u
Q,+s
3,2 γ5D
+
µD
−
νD
+
·D+
3 uQ,+s
3,3 σ
α
µ D
+
αiD
−
ν tr{χ
+} uQ,−
3,3 σ
α
µ D
+
αiD
−
ν tr{χ
+}
4 uQ,+s
3,4 σ
α
µ D
+
αiD
−
νD
+
·D+ u
Q,−
3,4 σ
α
µ D
+
αiD
−
νD
+
·D+
γµγ5 Ψ¯
1
2
ǫµβρσσρσD
+
βΨ
·= Ψ¯γ5D−µΨ , (39g)
Ψ¯
1
2
ǫµβρσσρσD
−
βΨ
·= Ψ¯γ5D+µΨ − 2imΨ¯γµγ5Ψ ,
(39h)
σµν Ψ¯ǫµνβδγδγ5D
+
βΨ
·= −iΨ¯(γµD−ν − γνD−µ)Ψ ,
(39i)
Ψ¯ǫµνβδγδγ5D
−
βΨ
·= −iΨ¯(γµD+ν − γνD+µ)Ψ
− 2imΨ¯σµνΨ , (39j)
7σµνγ5 Ψ¯ǫ
µνβδγδD
−
βΨ
·= −iΨ¯(γµγ5D+ν − γνγ5D+µ)Ψ ,
(39k)
Ψ¯ǫµνβδγδD
+
βΨ
·= −iΨ¯(γµγ5D−ν − γνγ5D−µ)Ψ
+mΨ¯ǫµνρσσρσΨ . (39l)
Note that, owing to the identity σµνγ5 = i2ǫµνρσσρσ,
Eqs. (39k) and (39l) are actually only useful reformula-
tions of Eqs. (39i) and (39j). We use Eqs. (39a)-(39e) to
neglect all terms where a derivative is contracted with an
element of the Clifford algebra apart from σµβD+β. We
use Eq. (39f), which is the Gordon identity, to replace
all terms that simultaneously have the identity matrix as
Dirac structure and contain a minus derivative. The re-
maining Eqs. (39g)-(39l) are used to dispose of as many
structures containing the ǫ tensor as possible. Another
useful identity is the curvature relation,
[Dµ,Dν] = 1
4
[uµ, uν] , (40)
which also holds for derivatives acting to the left and
allows us to consider only symmetric combinations of
derivatives. The EOM yields three additional relations,
Ψ¯ΓD+·D−Ψ = Ψ¯(Γ /→D /→D − /←D /←DΓ)Ψ ·= 0 , (41a)
Ψ¯ΓD±·D±Ψ = Ψ¯(Γ /→D /→D + /←D /←DΓ ± ←DαΓ→Dα)Ψ
·= Ψ¯(−2m2Γ ± ←DαΓ→Dα)Ψ , (41b)
which we use to neglect all contractions of derivatives
(acting on nucleon fields) apart from D+·D+. Rewriting
the flavor matrix,
Q = Q − 1
2
tr {Q} + 1
2
tr {Q} ≡ Q˜ + 1
2
tr {Q} , (42)
one finds that the trace part either vanishes or can (by
a redefinition of LECs) be absorbed into a singlet contri-
bution. We write down the low-energy form of O and O˜
as
OQµν ∣
Nπ,n
= S∑
i
Ψ¯On,iµνΨ , (43a)
O˜Qµν ∣
Nπ,n
= S∑
i
Ψ¯O˜n,iµνΨ , (43b)
where n indicates the chiral order. The On,iµν and O˜n,iµν ,
given in Table III, can be expressed economically with
the following abbreviations for recurring structures,
u
Q,±
i,j = li,j(u†Q˜u ± uQ˜u†) , (44a)
u
Q,s
i,j = 2lsi,j tr {Q} , (44b)
u
Q,+s
i,j = uQ,+i,j + uQ,si,j , (44c)
where the li,j and l
s
i,j are LECs.
p
′ p
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p
′ p
(b)
p
′ p
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p
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FIG. 1: Feynman diagrams needed for the full one-loop calcu-
lation. Diagram (f) only contributes to the (isosinglet) vector
current. Diagram (a) has to be multiplied with a Z factor if
the operator insertion is of zeroth or first order. Additional
Feynman diagrams containing quark mass insertions from the
second-order pion-nucleon Lagrangian are not shown explic-
itly.
IV. CALCULATION
The different types of Feynman diagrams needed for
the full one-loop calculation in BChPT of the first mo-
ments of the quark GPDs are shown in Fig. 1. Full one-
loop in this context means that we take into account all
8orders of ChPT that do not contain two-loop contribu-
tions (i.e. up to and including third order). Diagram type
(a) starts to contribute at zeroth, (b)-(e) at second and
(f) at third order. Solid (dashed) lines depict nucleon
(meson) propagators. The circles stand for vertices from
the chiral Lagrangian while the squares indicate the oper-
ator insertion. Additional diagrams with quark mass in-
sertions from the second-order pion-nucleon Lagrangian
are not depicted in Fig. 1. We take them into account
via replacing m0 by mN = m0 − 4c1m2π everywhere. Due
to this procedure our results sporadically contain higher-
order diagrams.
In order to present the results in the most convenient
way we utilize the form factor decomposition given in
Eq. (5) and use the isoscalar and isovector combinations
of the generalized form factors. They are defined as
A
s,v
2,0 = (Au2,0 ±Ad2,0)p = ±(Au2,0 ±Ad2,0)n , (45a)
B
s,v
2,0 = (Bu2,0 ±Bd2,0)p = ±(Bu2,0 ±Bd2,0)n , (45b)
C
s,v
2
= (Cu2 ±Cd2 )p = ±(Cu2 ±Cd2 )n , (45c)
A˜
s,v
2,0 = (A˜u2,0 ± A˜d2,0)p = ±(A˜u2,0 ± A˜d2,0)n , (45d)
B˜
s,v
2,0 = (B˜u2,0 ± B˜d2,0)p = ±(B˜u2,0 ± B˜d2,0)n , (45e)
where the superscripts p and n are introduced to dif-
ferentiate between proton and neutron form factors. For
these form factors we obtain explicit expressions in terms
of elementary functions and a remaining integration over
a Feynman parameter (originating from the three point
functions contained in diagrams of type (c) and (f)).
In general nucleon four-momenta have to be counted as
large (zeroth order) in BChPT. However ∆ = p′−p has to
be counted as small (first order) since the nucleon mass
drops out in the momentum difference. This is also true
for the ∆’s in the decomposition of the matrix elements
(see Eq. (5)) and, accordingly, our results for As,v
2,0, A˜
s,v
2,0
are exact to third, those for Bs,v
2,0 , B˜
s,v
2,0 to second and the
one for Cs,v
2
to first chiral order.
The full one-loop result for the generalized form fac-
tors obtained by a manifestly covariant calculation in the
infrared regularization scheme [12] is presented in Ap-
pendix B. Up to the order to which our results are exact
the occurring divergences can be absorbed in LECs by the
use of Eq. (A1). The higher-order divergences have to be
canceled by hand which introduces the unphysical scale
dependence in higher-order terms typical for manifestly
covariant calculations. In order to obtain a meaningful
result one has to set this scale to a typical hadronic value
around 1 GeV. A variation of this scale within reason-
able bounds, say 0.8 GeV-1.2 GeV, can (and should) be
used to estimate the systematic error due to higher-order
effects (cf. [27], where the ρ (Ξ) mass has been chosen as
lower (upper) bound).
Taking a closer look at the results one finds that many
new LECs occur. They mainly originate from first-
order operator insertions in diagrams of type (d) and (e).
While at least in principle one would prefer to keep all
these structures, the reality of a finite amount of avail-
able lattice data might force us to reduce the number of
free parameters in the end. One possibility to achieve
such a reduction would be a strict truncation of the re-
sults at the order to which they are exact, which leads to
the same extrapolation formulas as an equivalent calcula-
tion within the framework of heavy BChPT (cf. Sec. V).
Doing so one would however loose all benefits of the co-
variant result, like the correct behavior near the two-pion
threshold at t = 4m2π and the improved convergence that
is often ascribed to the untruncated results. A reasonable
compromise could look as follows: Truncate diagrams (d)
and (e), which yield the main share of the new LECs, but
keep the triangle diagrams (c) and (f), which do not in-
troduce new LECs, to all orders. This tradeoff is partic-
ularly appealing since diagram (f) is responsible for the
threshold behavior that is not described correctly by the
truncated version.
The low-energy versions of the gluon operator Ogµν and
the singlet combination of the quark operator O1µν are
equal up to the numerical value of the LECs since they
behave similar under chiral rotations, charge conjugation
and parity transformation. We therefore define the oper-
ator by a mere replacement of LECs:
Ogµν ≡ O1µν (ls → lg, lsi,j → lgi,j) . (46)
The generalized form factors inherit this property and
are obtained via replacing all superscripts s by g.
V. HEAVY BARYON REDUCTION
To obtain the heavy baryon reduced result one has to
truncate the simultaneous expansion in the pion mass
mπ and the momentum transfer t = ∆2 at full one-loop
order. To be consistent with the chiral counting scheme
one has to count t as second order. This can be achieved
most easily by keeping the ratio t/m2π, which is counted
as O(1), fixed.
A. Generalized form factors
The heavy baryon reduced version of our result has the
advantage that it can be written in a compact and lucid
way. Writing all functions in such a way that only real
quantities occur in the spacelike region, we obtain for the
form factors:
As
2,0 = As,(0)2,0 +As,(m2)2,0 m2π +As,(m3)2,0 m3π +As,(t)2,0 t
+ 3πA
π,s,(0)
2,0 g
2
A (8m4π − 6m2πt + t2)
16m0(4πFπ)2√−t arcsin( 1σ )
− 3πA
π,s,(0)
2,0 g
2
A
8m0(4πFπ)2mπt +O(p4) , (47a)
9Bs
2,0 = Bs,(0)2,0 +Bs,(m2)2,0 (µ)m2π +Bs,(t)2,0 (µ)t
− 3g2A
A
s,(0)
2,0 +Bs,(0)2,0 −Aπ,s,(0)2,0(4πFπ)2 m2π ln m2πµ2
− A
π,s,(0)
2,0 g
2
A
2(4πFπ)2 t ln m2πµ2
− A
π,s,(0)
2,0 g
2
A(4πFπ)2 tσ3 arctanh( 1σ) +O(p3) ,
(47b)
Cs2 = Cs,(0)2 +
3πA
π,s,(0)
2,0 g
2
Am0mπ (−2m2π + t)
8(4πFπ)2t
+ 3πA
π,s,(0)
2,0 g
2
Am0 (−8m4π + 2m2πt + t2)
16(4πFπ)2(−t)3/2 arcsin( 1σ)
+O(p2) , (47c)
A˜s2,0 = A˜s,(0)2,0 + A˜s,(m2)2,0 (µ)m2π + A˜s,(m3)2,0 m3π + A˜s,(t)2,0 t
− 3A˜
s,(0)
2,0 g
2
A(4πFπ)2 m2π ln m2πµ2 +O(p4) , (47d)
B˜s2,0 = B˜s,(0)2,0 + B˜s,(m2)2,0 (µ)m2π + B˜s,(t)2,0 t
− (A˜s,(0)2,0 + 3B˜s,(0)2,0 )g2A(4πFπ)2 m2π ln m2πµ2 +O(p3) , (47e)
Av
2,0 = Av,(0)2,0 +Av,(m2)2,0 (µ)m2π +Av,(m3)2,0 m3π +Av,(t)2,0 t
− A
v,(0)
2,0 (1 + 3g2A)(4πFπ)2 m2π ln m2πµ2 +O(p4) , (47f)
Bv
2,0 = Bv,(0)2,0 +Bv,(m2)2,0 (µ)m2π +Bv,(t)2,0 t
− B
v,(0)
2,0 − (Av,(0)2,0 − 2Bv,(0)2,0 )g2A(4πFπ)2 m2π ln m2πµ2
+O(p3) ,
(47g)
Cv2 = Cv,(0)2 +O(p2) , (47h)
A˜v
2,0 = A˜v,(0)2,0 + A˜v,(m2)2,0 (µ)m2π + A˜v,(m3)2,0 m3π + A˜v,(t)2,0 t
− A˜
v,(0)
2,0 (1 + 2g2A)(4πFπ)2 m2π ln m2πµ2 +O(p4) , (47i)
B˜v2,0 = B˜v,(0)2,0 + B˜v,(m2)2,0 (µ)m2π + B˜v,(t)2,0 t
+ (A˜v,(0)2,0 − 6B˜v,(0)2,0 )g2A − 3B˜v,(0)2,0
3(4πFπ)2 m2π ln m2πµ2
+O(p3) ,
(47j)
where
σ =
√
1 − 4m
2
π
t
, (48)
and the fit parameters are related to the original LECs
defined in Sec. III by Eqs. (A5) and (A6). The fit pa-
rameter A
π,s,(0)
2,0 originating from diagram (f), where the
operator couples to two pions, should not be treated as
completely free. Instead one should obtain it from a fit to
the pion GPD, where it fixes the chiral limit value in the
forward case. For consistency we propose to use the one-
loop result derived in Ref. [28] (see also Refs. [29, 30]),
that reads
A
π,s
2,0 = Aπ,s,(0)2,0 +Aπ,s,(m2)2,0 m2π +Aπ,s,(t)2,0 t +O(p4) , (49a)
A
π,s
2,2 = −
1
4
A
π,s,(0)
2,0 +Aπ,s,(m2)2,2 (µ)m2π +Aπ,s,(t)2,2 (µ)t
− 1
4
A
π,s,(0)
2,0
m2π − 2t
3(4πFπ)2(ln m2πµ2 + 43 − t + 2m2πt J(t))
+O(p4) , (49b)
where
J(t) = 2 + σ ln σ − 1
σ + 1 . (50)
In Ref. [28] all moments of GPDs have been treated si-
multaneously by the use of nonlocal operators, which is
obviously a very elegant method. For the specific case of
the first moments, connected to the form factors shown
above, we were able to confirm this result by a straight
forward calculation with local operators.
B. Value and slope in the forward limit
For small values of the momentum transfer ∣t∣ ≪ 4m2π
the form factors are often represented by a Taylor expan-
sion in t. We use the notation of Ref. [20],
Xs,v(t) =Xs,v(0)+ ρs,vX t +O(t2) , (51)
where X can stand for arbitrary form factors. For the
nontrivial cases one obtains
As2,0(0) = As,(0)2,0 +As,(m2)2,0 m2π
+ (As,(m3)
2,0 +
3πA
π,s,(0)
2,0 g
2
A
4m0(4πFπ)2)m3π +O(p4) ,
(52a)
Bs2,0(0) = Bs,(0)2,0 + (Bs,(m2)2,0 (µ) + 4Aπ,s,(0)2,0 g2A(4πFπ)2 )m2π
− 3g2A
A
s,(0)
2,0 +Bs,(0)2,0 −Aπ,s,(0)2,0(4πFπ)2 m2π ln m2πµ2
+O(p3) , (52b)
Cs2(0) = Cs,(0)2 + πAπ,s,(0)2,0 g2Am04(4πFπ)2 mπ +O(p2) , (52c)
10
A
π,s
2,2(0) = −14Aπ,s,(0)2,0 + (Aπ,s,(m2)2,2 (µ) − A
π,s,(0)
2,0
12(4πFπ)2)m2π
− A
π,s,(0)
2,0
12(4πFπ)2m2π ln m2πµ2 +O(p4) , (52d)
and
ρsA2,0 = As,(t)2,0 −
7πA
π,s,(0)
2,0 g
2
A
8m0(4πFπ)2mπ +O(p2) , (53a)
ρsB2,0 = Bs,(t)2,0 (µ) − 4Aπ,s,(0)2,0 g2A3(4πFπ)2
− A
π,s,(0)
2,0 g
2
A
2(4πFπ)2 ln m2πµ2 +O(p1) ,
(53b)
ρsC2 = −
πA
π,s,(0)
2,0 g
2
Am0
10(4πFπ)2 m−1π +O(p0) , (53c)
ρsApi
2,2
= Aπ,s,(t)
2,2 (µ) + 11Aπ,s,(0)2,060(4πFπ)2 + A
π,s,(0)
2,0
6(4πFπ)2 ln m2πµ2
+O(p2) . (53d)
The formula for the slope is always two orders less accu-
rate than the one for the corresponding form factor since
one has to take a derivative with respect to t to obtain
it. The forward limit values and slopes of the form fac-
tors not given here explicitly can easily be obtained from
Eqs. (47) and (49).
Our result is consistent with the heavy baryon result
provided in Refs. [15, 16]. In particular the chiral loga-
rithms in the B-type form factors are reproduced, which
was not yet the case for the leading one-loop calculation
presented in Ref. [20]. Note that the truncated version
of our result has the same accuracy as the above cited
heavy baryon calculations for B-type form factors, but is
one order more/less precise for the A/C-type ones. This
is because in Refs. [15, 16], contributions going beyond
the one-loop level are taken into account for the C-type
form factor. Note, however, that our untruncated co-
variant result already contains these contributions up to
higher-order tree-level insertions, which could be added
by hand if necessary.
VI. SUMMARY AND OUTLOOK
In this work we have extended the results of Ref. [20]
to full one-loop accuracy and provide chiral extrapola-
tion formulas for the first moments of chiral-even nu-
cleon GPDs. Due to the overlap in LECs some of the
form factors should be fit to lattice data simultane-
ously. If one uses the heavy baryon reduced fit formulas,
those are the two pairs (Av
2,0,B
v
2,0) and (A˜v2,0, B˜v2,0) in
the isotriplet sector. In the isosinglet sector the situa-
tion is more entangled and calls for simultaneous fits of
(As
2,0,B
s
2,0,C
s
2
,A
π,s
2,0 ,A
π,s
2,2) and (A˜s2,0, B˜s2,0). If the reader
is more ambitious and wants to apply the untruncated
formulas given in Appendix B, he has to treat all form
factors from the isosinglet/isotriplet sector simultane-
ously. In the ideal case one has also data for the ma-
trix elements of the gluonic operators: in a first step one
would fit the two sectors separately and check whether
the sum rules given in Eq. (7) are fulfilled to a satisfac-
tory degree. Afterwards one can invoke the sum rules to
restrict the LECs in order to find the most precise result.
It is reasonable to expect the range of applicability of
covariant BChPT to extend to mπ,max ≈ 300 MeV. One
can a priori not say for sure how far our formulas are ap-
plicable in t direction. A careful estimate based on the ar-
gument that the chiral counting scheme ranks t as a quan-
tity of second order leads to ∣tmax∣ ∼ m2π,max ≈ 0.1 GeV2.
For simulations with periodic boundary conditions one
will need rather large volumes to find one (L ≈ 4 fm)
or two (L ≈ 5.5 fm) nonzero momentum configurations
in this region. It is therefore quite unfortunate that
the B- and C-type form factors are only accessible at
nonzero momentum transfer (compare Eq. (5)) and that
our extrapolation formulas for them are only accurate
to second (first) chiral order. To reach high accuracy
one therefore presumably needs simulations with twisted
boundary conditions, where low momentum transfer is
accessible without going to very large volumes.
One can think of several extensions of this work. For
instance, a three-flavor calculation at full one-loop level,
extending the work done in Ref. [31], seems fruitful, since
lattice simulations of three-point functions with 2+1 dy-
namical quark flavors are in progress. Other possibilities
are the investigation of (possibly relevant) decuplet con-
tributions, isospin-breaking and finite volume effects [19].
Another challenging topic would be the (simultaneous)
calculation of all x moments by the use of nonlocal op-
erators. In Ref. [21] it has been shown that such an ap-
proach is only applicable in a covariant framework and
that particular care has to be taken of the regularization
procedure. In our opinion this interesting observation
calls for further investigation.
Appendix A: Low-energy constants and fit
parameters
The divergences occurring in the loop calculation for
4 − d = ǫ → 0 have to be absorbed in LECs,
li,j = l(r)i,j (µ) + γi,jL , lsi,j = ls,(r)i,j (µ) + γsi,jL , (A1)
where L contains the pole term plus the typical constants
for the modified minimal subtraction scheme,
L = −µ
−ǫ(4π)2 (1ǫ + 12 (1 + ln 4π − γE)) . (A2)
The renormalized constants pick up a scale dependence,
µ
∂
∂µ
l
(r)
i,j (µ) = −γi,j(4π)2 , µ ∂∂µls,(r)i,j (µ) = −γsi,j(4π)2 . (A3)
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For the nonzero γi,j and γ
s
i,j we find
γ2,2 = 1 + 3g
2
A
2F 2π
l0,1 , (A4a)
γ2,4 = 1 + 2g
2
A
2F 2π
l0,2 , (A4b)
γ3,1 = 1 + 2g
2
A
2F 2π
l1,1 − g
2
A
12m0F 2π
l0,2 , (A4c)
γ3,3 = 1 + 2g
2
A
2F 2π
l1,2 − g
2
A
4m0F 2π
l0,1 , (A4d)
γs2,4 = 3g
2
A
2F 2π
ls0,2 , (A4e)
γs
3,1 = g
2
A
4m0F 2π
ls
0,2 + 3g
2
A
2F 2π
ls
1,1 , (A4f)
γs
3,3 = 3g
2
A
4m0F 2π
ls
0,1 + 3g
2
A
2F 2π
ls
1,2 − 3g
2
A
4m0F 4π
ls , (A4g)
γs3,4 = −g
2
A
2F 4πm0
ls . (A4h)
The combined fit parameters used in (47) are related to
the LECs defined in Sec. III by
A
s,(0)
2,0 = 8ls0,1 , (A5a)
A
s,(m2)
2,0 = 32ls2,2 , (A5b)
A
s,(m3)
2,0 =
7g2Al
s
8F 4πm0π
− 3g
2
Al
s
0,1
4F 2πm0π
− gAl
s
1,6
F 2πm0π
− 12gAm0l
s
1,15
F 2ππ
− 12gAl
s
1,18
F 2ππ
,
(A5c)
A
s,(t)
2,0 = −8ls2,3 , (A5d)
B
s,(0)
2,0 = 16m0ls1,2 , (A5e)
B
s,(m2)
2,0 (µ) = −2g2AlsF 4ππ2 + 64m0ls,(r)3,3 (µ) − 64ls1,2c1 , (A5f)
B
s,(t)
2,0 (µ) = −16m0ls,(r)3,4 (µ) + 5g2Als12F 4ππ2 , (A5g)
C
s,(0)
2
= −4m0ls2,1 , (A5h)
A˜
s,(0)
2,0 = 8ls0,2 , (A5i)
A˜
s,(m2)
2,0 (µ) = −3g2Als0,22F 2ππ2 + 32ls,(r)2,4 (µ) , (A5j)
A˜
s,(m3)
2,0 =
7g2Al
s
0,2
4F 2πm0π
− gAl
s
1,4
F 2πm0π
, (A5k)
A˜
s,(t)
2,0 = −8ls2,5 , (A5l)
B˜
s,(0)
2,0 = 16m0ls1,1 , (A5m)
B˜
s,(m2)
2,0 (µ) = −3g2Am0ls1,1F 2ππ2 + 64m0ls,(r)3,1 (µ) − 64ls1,1c1 ,
(A5n)
B˜
s,(t)
2,0 = −16m0ls3,2 , (A5o)
A
π,s,(0)
2,0 =
8ls
F 2π
, (A5p)
and in the isovector sector by
A
v,(0)
2,0 = 4l0,1 , (A6a)
A
v,(m2)
2,0 (µ) = − g2Al0,12F 2ππ2 + 16l(r)2,2(µ) , (A6b)
A
v,(m3)
2,0 =
7g2Al0,1
8F 2πm0π
+ gAl0,2
3F 2πm0π
− gA(l1,6 + l1,7)
6F 2πm0π
− 2gAm0(l1,15 + l1,16)
F 2ππ
− 2gA(l1,18 + l1,19)
F 2ππ
,
(A6c)
A
v,(t)
2,0 = −4l2,3 , (A6d)
B
v,(0)
2,0 = 8m0l1,2 , (A6e)
B
v,(m2)
2,0 (µ) = −g2Am0l1,2F 2ππ2 + 32m0l(r)3,3(µ) − 32l1,2c1 , (A6f)
B
v,(t)
2,0 = −8m0l3,4 , (A6g)
C
v,(0)
2
= −2m0l2,1 , (A6h)
A˜
v,(0)
2,0 = 4l0,2 , (A6i)
A˜
v,(m2)
2,0 (µ) = − g2Al0,24F 2ππ2 + 16l(r)2,4(µ) , (A6j)
A˜
v,(m3)
2,0 =
gAl0,1
3F 2πm0π
+ 11g
2
Al0,2
24F 2πm0π
+ gAl1,2
3F 2ππ
+ 2gAl1,17
3F 2ππ
− gA(l1,4 + l1,5)
6F 2πm0π
,
(A6k)
A˜
v,(t)
2,0 = −4l2,5 , (A6l)
B˜
v,(0)
2,0 = 8m0l1,1 , (A6m)
B˜
v,(m2)
2,0 (µ) = −g2Am0l1,12F 2ππ2 + 32m0l(r)3,1(µ) − 32l1,1c1 , (A6n)
B˜
v,(t)
2,0 = −8m0l3,2 . (A6o)
Appendix B: Full results by diagram
In the following we will present the full one-loop results
for the generalized form factors. To do this in the most
economic way, we introduce the dimensionless quantities,
α = mπ
mN
, (B1a)
τ = t
4m2N
, (B1b)
τ˜ = τ(1 − 4u2) . (B1c)
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We split the result for each form factor X in parts
orginating from the different Feynman diagrams shown
in Fig. 1,
Xs/v =Xs/va +Xs/vb +Xs/vde +
1
2
∫
− 1
2
du (Xs/vc +Xs/vf ) , (B2)
where the triangle diagrams still have to be integrated
over the parameter u. For diagrams (c), (de) and (f) we
sort the contributions by LECs and the different occur-
ring structures. Schematically,
Xvb = Prefactor × LEC × fvb , (B3a)
Xs/vc = Prefactor×∑
k
LECk m
nk
N
× fX,s/v
ck
, (B3b)
X
s/v
de
= Prefactor×∑
k
LECk m
nk
N
× fX,s/v
dek
, (B3c)
Xsf = Prefactor× LEC × fX,sf , (B3d)
where nk is chosen in such a way that the combination
LECk m
nk
N is dimensionless. Note that the LEC occur-
ring in diagrams of type (f) is no free fit parameter. It
is connected to the chiral limit of the generalized form
factors of the pion given in Eq. (49) by ls = Aπ,s,(0)
2,0 F
2
π/8.
The prefactors are tuned in order to have dimensionless
functions f
X,s/v
ck
, f
X,s/v
dek
and fX,s
f
, given by
fvb = 32π2L + ln(m2π
µ2
) , (B4a)
f
X,s/v
ck
= fX,s/v
ck1
+ fX,s/v
ck2
16π2L + fX,s/v
ck3
√
4 − α2 arccos(−α
2
) + fX,s/v
ck4
arccos(− α
2
√
1−τ˜ )√−α2 − 4τ˜ + 4 + fX,s/vck5 ln(m2πµ2 ) , (B4b)
f
X,s/v
dek
= fX,s/v
dek1
+ fX,s/v
dek2
16π2L + fX,s/v
dek3
√
4 − α2 arccos(−α
2
) + fX,s/v
dek4
ln(m2π
µ2
) , (B4c)
f
X,s
f
= fX,s
f1
+ fX,s
f2
16π2L + fX,s
f3
arccos( 2τ˜−α2
2
√
1−τ˜
√
α2−τ˜ )√−α4 + 4α2 − 4τ˜ + fX,sf4 ln⎛⎝m
2
N (α2 − τ˜)
µ2
⎞⎠ , (B4d)
where the f
X,s/v
cki
, f
X,s/v
deki
and f
X,s/v
fi
are polynomials of α, τ , τ˜ and u. The Z factor for the nucleon is given by
Z = 1 + 3g
2
Am
2
N
32π2F 2π
⎛⎝−α2 − 2 (α2 − 3)α3 arccos(−α2 )√4 − α2 + 16π2 (2α4 − 3α2)L + 12 (2α2 − 3)α2 ln(m2πµ2 )⎞⎠ . (B5)
In the results presented below we have appended the Z
factor to the leading and next-to-leading tree-level con-
tributions only. However, not truncating the results, one
could equitably argue that the Z factor has to be ap-
pended as an overall prefactor to all diagrams.
1. As20
Asa = 32α2ls2,2m2N − 32τls2,3m2N + 8Zls0,1 , (B6a)
Asc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 (fA,sc1 ls0,1 + fA,sc2 ls1,2mN) , (B6b)
Asde = gAm
2
N
16π2F 2π
( fA,s
de1
ls1,6 + fA,sde2 ls1,13m2N + fA,sde3 ls1,15m2N
+ fA,s
de4
ls
1,18mN) , (B6c)
Asf = g
2
Al
sm2N
16π2F 4π(1 − τ˜)4 fA,sf , (B6d)
f
A,s
c11 =
2
3
α6 (7τ˜4 − 28τ˜3 + 42τ˜2 − 42τ˜ − 9)
− 2α4(τ˜ − 1)τ˜ (7τ˜2 − 21τ˜ + 32)− 12α2(τ˜ − 1)3 ,
f
A,s
c12 = −8α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 6τ˜ − 3)
+ 36α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 4τ˜ + 2)
− 12α2(τ˜ − 3)(τ˜ − 1)2(τ˜ + 1) ,
f
A,s
c13 = 20α3(τ˜ − 1)4 − 8α5(τ˜ − 1)4 ,
f
A,s
c14 = −16α7(τ˜ + 2) − 4α5(τ˜ − 1)(17τ˜ + 43)
− 40α3(τ˜ − 1)2(τ˜ + 5) ,
f
A,s
c15 = −4α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 6τ˜ − 3)
+ 18α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 4τ˜ + 2)
− 6α2(τ˜ − 3)(τ˜ − 1)2(τ˜ + 1) ,
f
A,s
c21 = −40α6τ − 72α4τ(τ˜ − 1) ,
f
A,s
c22 = 96α6τ + 288α4τ(τ˜ − 1) + 96α2τ(τ˜ − 1)2 ,
f
A,s
c23 = 0 ,
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f
A,s
c24 = −96α7τ − 480α5τ(τ˜ − 1)− 480α3τ(τ˜ − 1)2 ,
f
A,s
c25 = 48α6τ + 144α4τ(τ˜ − 1) + 48α2τ(τ˜ − 1)2 ,
f
A,s
de11
= 16α4 − 28α
6
3
,
f
A,s
de12
= 16α6 − 48α4 ,
f
A,s
de13
= 16α5 − 16α3 ,
f
A,s
de14
= 8α6 − 24α4 ,
f
A,s
de21
= 16α8τ − 256α
6τ
3
+ 2α4(38τ − 3) ,
f
A,s
de22
= −24α8τ + 160α6τ − 120α4(2τ − 1) ,
f
A,s
de23
= −24α7τ + 112α5τ − 64α3τ ,
f
A,s
de24
= −12α8τ + 80α6τ − 60α4(2τ − 1) ,
f
A,s
de31
= 28α
8
3
− 64α6 + 84α4 ,
f
A,s
de32
= −16α8 + 144α6 − 336α4 ,
f
A,s
de33 = −16α7 + 112α5 − 192α3 ,
f
A,s
de34
= −8α8 + 72α6 − 168α4 ,
f
A,s
de41
= 28α
8
3
− 64α6 + 96α4 ,
f
A,s
de42
= −16α8 + 144α6 − 384α4 ,
f
A,s
de43
= −16α7 + 112α5 − 192α3 ,
f
A,s
de44
= −8α8 + 72α6 − 192α4 ,
f
A,s
f1
= 4
3
α6(7τ˜ + 8) − 4α4 (7τ˜2 + 21τ˜ + 2)
+ 8α2τ˜ (2τ˜2 + 25τ˜ + 3) + 16
3
τ˜2 (τ˜2 − 28τ˜ − 3) ,
f
A,s
f2
= −16α6(τ˜ + 2) + 24α4 (τ˜2 + 8τ˜ + 3)
− 288α2τ˜(τ˜ + 1) − 16τ˜2 (τ˜2 − 10τ˜ − 15) ,
f
A,s
f3
= 16α8(τ˜ + 2) − 8α6 (3τ˜2 + 28τ˜ + 17)
+ 16α4 (23τ˜2 + 44τ˜ + 5) − 16α2τ˜ (9τ˜2 + 74τ˜ + 13)
+ 128τ˜2(5τ˜ + 1) ,
f
A,s
f4
= −8α6(τ˜ + 2) + 12α4 (τ˜2 + 8τ˜ + 3)
− 144α2τ˜(τ˜ + 1) − 8τ˜2 (τ˜2 − 10τ˜ − 15) .
2. Bs20
Bsa = 64α2ls3,3m3N − 64τls3,4m3N + 16Zls1,2mN , (B7a)
Bsc = g
2
Am
2
N
16π2F 2π (1 − τ˜)4 (fB,sc1 ls0,1 + fB,sc2 ls1,2mN) , (B7b)
Bsde = gAm
2
N
16π2F 2π
(fB,s
de1
ls1,13m
2
N + fB,sde2 ls1,15m2N
+ fB,s
de3
ls
1,18mN) , (B7c)
Bsf = g
2
Al
sm2N
16π2F 4π(1 − τ˜)4 fB,sf , (B7d)
f
B,s
c11 = 20α6 + 36α4(τ˜ − 1) ,
f
B,s
c12 = −48α6 − 144α4(τ˜ − 1) − 48α2(τ˜ − 1)2 ,
f
B,s
c13 = 0 ,
f
B,s
c14 = 48α7 + 240α5(τ˜ − 1) + 240α3(τ˜ − 1)2 ,
f
B,s
c15 = −24α6 − 72α4(τ˜ − 1)− 24α2(τ˜ − 1)2 ,
f
B,s
c21 = −
4
3
α6 (7τ˜4 − 28τ˜3 + 42τ˜2 − 37τ˜ − 14)
+ 4α4(τ˜ − 1) (7τ˜3 − 21τ˜2 + 21τ˜ + 11)
− 24α2(τ˜ − 1)3 ,
f
B,s
c22 = 16α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 7τ˜ − 2)
− 72α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 5τ˜ + 1)
+ 24α2(τ˜ − 1)2 (τ˜2 − 4τ˜ − 1) ,
f
B,s
c23 = 16α5(τ˜ − 1)4 − 40α3(τ˜ − 1)4 ,
f
B,s
c24 = 48α7(τ˜ + 1) + 240α5(τ˜ − 1)(τ˜ + 1)
+ 240α3(τ˜ − 1)2(τ˜ + 1) ,
f
B,s
c25 = 8α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 7τ˜ − 2)
− 36α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 5τ˜ + 1)
+ 12α2(τ˜ − 1)2 (τ˜2 − 4τ˜ − 1) ,
f
B,s
de11
= −10α
8
3
+ 88α
6
3
− 70α4 ,
f
B,s
de12
= 4α8 − 40α6 + 120α4 ,
f
B,s
de13 = 4α7 − 32α5 + 64α3 ,
f
B,s
de14
= 2α8 − 20α6 + 60α4 ,
f
B,s
de21
= −28α
8
3
+ 64α6 − 96α4 ,
f
B,s
de22
= 16α8 − 144α6 + 384α4 ,
f
B,s
de23
= 16α7 − 112α5 + 192α3 ,
f
B,s
de24
= 8α8 − 72α6 + 192α4 ,
f
B,s
de31
= −16α8 + 256α
6
3
− 76α4 ,
f
B,s
de32
= 24α8 − 160α6 + 240α4 ,
f
B,s
de33
= 24α7 − 112α5 + 64α3 ,
f
B,s
de34
= 12α8 − 80α6 + 120α4 ,
f
B,s
f1
= −20α6 + 12α4(7τ˜ + 3) − 120α2τ˜(τ˜ + 1)
+ 32τ˜2(2τ˜ + 3) ,
f
B,s
f2
= 48α6 − 144α4(τ˜ + 1) + 48α2 (3τ˜2 + 8τ˜ + 1)
− 48τ˜ (τ˜2 + 6τ˜ + 1) ,
f
B,s
f3
= −48α8 + 48α6(3τ˜ + 5) − 48α4(τ˜ + 5)(3τ˜ + 1)
+ 48α2τ˜ (τ˜2 + 18τ˜ + 13) − 384τ˜2(τ˜ + 1) ,
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f
B,s
f4
= 24α6 − 72α4(τ˜ + 1) + 24α2 (3τ˜2 + 8τ˜ + 1)
− 24τ˜ (τ˜2 + 6τ˜ + 1) .
3. Cs2
Csa = −4ls2,1mN , (B8a)
Csc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 (fC,sc1 ls0,1 + fC,sc2 ls1,2mN) , (B8b)
Csde = gAm
2
N
16π2F 2π
(fC,s
de1
ls
1,13m
2
N + fC,sde2 ls1,15m2N
+ fC,s
de3
ls1,18mN) , (B8c)
Csf = g
2
Al
sm2N
16π2F 4π(1 − τ˜)4 fC,sf , (B8d)
f
C,s
c11 = −20α6u2 − 24α4(τ˜ − 1)u2 ,
f
C,s
c12 = 48α6u2 + 96α4(τ˜ − 1)u2 ,
f
C,s
c13 = 0 ,
f
C,s
c14 = −48α7u2 − 192α5(τ˜ − 1)u2 − 96α3(τ˜ − 1)2u2 ,
f
C,s
c15 = 24α6u2 + 48α4(τ˜ − 1)u2 ,
f
C,s
c21 =
7
3
α6(τ˜ − 1) + 4α4(τ˜ − 1)2 ,
f
C,s
c22 = −4α6(τ˜ − 1) − 12α4(τ˜ − 1)2 ,
f
C,s
c23 = 0 ,
f
C,s
c24 = 4α7(τ˜ − 1) + 20α5(τ˜ − 1)2 + 16α3(τ˜ − 1)3 ,
f
C,s
c25 = −2α6(τ˜ − 1) − 6α4(τ˜ − 1)2 ,
f
C,s
de11
= −5α
8
6
+ 4α6 − 3α
4
2
,
f
C,s
de12
= α8 − 6α6 + 6α4 ,
f
C,s
de13 = α7 − 4α5 ,
f
C,s
de14
= α
8
2
− 3α6 + 3α4 ,
f
C,s
de21
= 7α
8
3
− 4α6 ,
f
C,s
de22 = 12α6 − 4α8 ,
f
C,s
de23
= 4α5 − 4α7 ,
f
C,s
de24
= 6α6 − 2α8 ,
f
C,s
de31
= 4α8 − 12α6 + 3α4 ,
f
C,s
de32
= −6α8 + 24α6 − 12α4 ,
f
C,s
de33
= 12α5 − 6α7 ,
f
C,s
de34
= −3α8 + 12α6 − 6α4 ,
f
C,s
f1
= 6(τ˜ − 1)3τ˜ + 20α6u2 − 60α4(τ˜ + 1)u2
+ 24α2τ˜(τ˜ + 9)u2 − 8τ˜ (3τ˜3 − 13τ˜2 + 33τ˜ − 3)u2 ,
f
C,s
f2
= 12(τ˜ − 3)(τ˜ − 1)2τ˜ − 48α6u2 + 48α4(τ˜ + 5)u2
+ α2 (12(τ˜ − 1)2 − 288(τ˜ + 1)u2)
− 48τ˜ (τ˜3 − 4τ˜2 + 5τ˜ − 10)u2 ,
f
C,s
f3
= −48(τ˜ − 1)2τ˜ + 48α8u2 − 48α6(τ˜ + 7)u2
+ α4 (96(5τ˜ + 7)u2 − 12(τ˜ − 1)2)
+ α2 (12(τ˜ − 1)2(τ˜ + 3) − 48(τ˜ + 7)(3τ˜ + 1)u2)
+ 384τ˜(τ˜ + 1)u2 ,
f
C,s
f4
= 6(τ˜ − 3)(τ˜ − 1)2τ˜ − 24α6u2 + 24α4(τ˜ + 5)u2
+ α2 (6(τ˜ − 1)2 − 144(τ˜ + 1)u2)
− 24τ˜ (τ˜3 − 4τ˜2 + 5τ˜ − 10)u2 .
4. A˜s20
A˜sa = 32α2ls2,4m2N − 32τls2,5m2N + 8Zls0,2 , (B9a)
A˜sc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 f A˜,sc1 ls0,2 , (B9b)
A˜sde = gAm
2
N
16π2F 2π
(f A˜,s
de1
ls
1,4 + f A˜,sde2 ls1,9m2N + f A˜,sde3 ls1,11m2N) ,
(B9c)
f
A˜,s
c11 =
14
3
α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
− 2α4(τ˜ − 1)2 (7τ˜2 − 14τ˜ − 4) + 12α2(τ˜ − 1)3 ,
f
A˜,s
c12 = −8α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
+ 36α4(τ˜ − 2)(τ˜ − 1)2τ˜ − 12α2(τ˜ − 1)4 ,
f
A˜,s
c13 = 20α3(τ˜ − 1)4 − 8α5(τ˜ − 1)4 ,
f
A˜,s
c14 = 16α7(τ˜ − 1)+ 68α5(τ˜ − 1)2 + 40α3(τ˜ − 1)3 ,
f
A˜,s
c15 = −4α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
+ 18α4(τ˜ − 2)(τ˜ − 1)2τ˜ − 6α2(τ˜ − 1)4 ,
f
A˜,s
de11
= 16α4 − 28α
6
3
,
f
A˜,s
de12
= 16α6 − 48α4 ,
f
A˜,s
de13
= 16α5 − 16α3 ,
f
A˜,s
de14
= 8α6 − 24α4 ,
f
A˜,s
de21
= 16α8τ − 256α
6τ
3
+ 2α4(38τ − 3) ,
f
A˜,s
de22
= −24α8τ + 160α6τ − 120α4(2τ − 1) ,
f
A˜,s
de23
= −24α7τ + 112α5τ − 64α3τ ,
f
A˜,s
de24
= −12α8τ + 80α6τ − 60α4(2τ − 1) ,
f
A˜,s
de31
= −12α4 ,
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f
A˜,s
de32
= 48α4 ,
f
A˜,s
de33
= 0 ,
f
A˜,s
de34
= 24α4 .
5. B˜s20
B˜sa = 64α2ls3,1m3N − 64τls3,2m3N + 16Zls1,1mN , (B10a)
B˜sc = g
2
Am
2
N
16π2F 2π (1 − τ˜)4 (f B˜,sc1 ls0,2 + f B˜,sc2 ls1,1mN) , (B10b)
B˜sde = gAm
2
N
16π2F 2π
(f B˜,s
de1
ls
1,9m
2
N + f B˜,sde2 ls1,11m2N) , (B10c)
f
B˜,s
c11 = 160α6u2 + 240α4(τ˜ − 1)u2 ,
f
B˜,s
c12 = −384α6u2 − 960α4(τ˜ − 1)u2 − 192α2(τ˜ − 1)2u2 ,
f
B˜,s
c13 = 0 ,
f
B˜,s
c14 = 384α7u2 + 1728α5(τ˜ − 1)u2 + 1344α3(τ˜ − 1)2u2 ,
f
B˜,s
c15 = −192α6u2 − 480α4(τ˜ − 1)u2 − 96α2(τ˜ − 1)2u2 ,
f
B˜,s
c21 = −
28
3
α6(τ˜ − 1)4 + 28α4(τ˜ − 1)4 + 24α2(τ˜ − 1)3 ,
f
B˜,s
c22 = 16α6(τ˜ − 1)4 − 24α4(τ˜ − 1)2 (3τ˜2 − 6τ˜ + 1)
+ 24α2(τ˜ − 1)3(τ˜ + 1) ,
f
B˜,s
c23 = 16α5(τ˜ − 1)4 − 40α3(τ˜ − 1)4 ,
f
B˜,s
c24 = −48α5(τ˜ − 1)2 − 144α3(τ˜ − 1)3 ,
f
B˜,s
c25 = 8α6(τ˜ − 1)4 − 12α4(τ˜ − 1)2 (3τ˜2 − 6τ˜ + 1)
+ 12α2(τ˜ − 1)3(τ˜ + 1) ,
f
B˜,s
de11
= 40α
6
3
− 64α4 ,
f
B˜,s
de12
= 96α4 − 16α6 ,
f
B˜,s
de13 = 64α3 − 16α5 ,
f
B˜,s
de14
= 48α4 − 8α6 ,
f
B˜,s
de21
= 56α
8
3
− 80α6 ,
f
B˜,s
de22
= −32α8 + 192α6 − 192α4 ,
f
B˜,s
de23
= 128α5 − 32α7 ,
f
B˜,s
de24
= −16α8 + 96α6 − 96α4 .
6. Av20
Ava = 16α2l2,2m2N − 16τl2,3m2N + 4Zl0,1 , (B11a)
Avb = −
α2m2N l0,1
4π2F 2π
fvb , (B11b)
Avc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 (fA,vc1 l0,1 + fA,vc2 l1,2mN) , (B11c)
Avde = gAm
2
N
16π2F 2π
( fA,v
de1
l0,2 + fA,vde2 l1,1mN + fA,vde3 l1,3mN
+ fA,v
de4
l1,8m
3
N + fA,vde5 (l1,6 + l1,7)
+ fA,v
de6
(l1,13 + l1,14)m2N
+ fA,v
de7
(l1,15 + l1,16)m2N
+ fA,v
de8
(l1,18 + l1,19)mN) , (B11d)
f
A,v
c11 =
1
9
α6 (−7τ˜4 + 28τ˜3 − 42τ˜2 + 42τ˜ + 9)
+ 1
3
α4(τ˜ − 1)τ˜ (7τ˜2 − 21τ˜ + 32) + 2α2(τ˜ − 1)3 ,
f
A,v
c12 =
4
3
α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 6τ˜ − 3)
− 6α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 4τ˜ + 2)
+ 2α2(τ˜ − 3)(τ˜ − 1)2(τ˜ + 1) ,
f
A,v
c13 =
4
3
α5(τ˜ − 1)4 − 10
3
α3(τ˜ − 1)4 ,
f
A,v
c14 =
8
3
α7(τ˜ + 2) + 2
3
α5(τ˜ − 1)(17τ˜ + 43)
+ 20
3
α3(τ˜ − 1)2(τ˜ + 5) ,
f
A,v
c15 =
2
3
α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 6τ˜ − 3)
− 3α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 4τ˜ + 2)
+ α2(τ˜ − 3)(τ˜ − 1)2(τ˜ + 1) ,
f
A,v
c21 =
20α6τ
3
+ 12α4τ(τ˜ − 1) ,
f
A,v
c22 = −16α6τ − 48α4τ(τ˜ − 1) − 16α2τ(τ˜ − 1)2 ,
f
A,v
c23 = 0 ,
f
A,v
c24 = 16α7τ + 80α5τ(τ˜ − 1) + 80α3τ(τ˜ − 1)2 ,
f
A,v
c25 = −8α6τ − 24α4τ(τ˜ − 1)− 8α2τ(τ˜ − 1)2 ,
f
A,v
de11
= 7α
6
9
− 10α
4
3
,
f
A,v
de12
= 8α4 − 4α
6
3
,
f
A,v
de13
= 16α
3
3
− 4α
5
3
,
f
A,v
de14
= 4α4 − 2α
6
3
,
f
A,v
de21
= 7α
8
18
− 5α
6
3
,
f
A,v
de22
= −2α
8
3
+ 4α6 − 4α4 ,
f
A,v
de23
= 8α
5
3
− 2α
7
3
,
16
f
A,v
de24
= −α
8
3
+ 2α6 − 2α4 ,
f
A,v
de31
= 10α
6
3
− 7α
8
9
,
f
A,v
de32
= 4α
8
3
− 8α6 + 8α4 ,
f
A,v
de33
= 4α
7
3
− 16α
5
3
,
f
A,v
de34
= 2α
8
3
− 4α6 + 4α4 ,
f
A,v
de41
= 2
75
α10(125τ − 26) − 8
45
α8(135τ − 22)
+ 2
45
α6(1075τ − 93)− 76α4τ
3
,
f
A,v
de42
= −4
5
α10(5τ − 1)+ 8
3
α8(13τ − 2)
− 8
3
α6(35τ − 3)+ 16α4(5τ − 2) ,
f
A,v
de43
= −4
5
α9(5τ − 1)+ 8
15
α7(50τ − 7)
− 16
15
α5(45τ − 2) + 64α3τ
3
,
f
A,v
de44
= −2
5
α10(5τ − 1)+ 4
3
α8(13τ − 2)
− 4
3
α6(35τ − 3)+ 8α4(5τ − 2) ,
f
A,v
de51
= 8α
4
3
− 14α
6
9
,
f
A,v
de52
= 8α
6
3
− 8α4 ,
f
A,v
de53 =
8α5
3
− 8α
3
3
,
f
A,v
de54
= 4α
6
3
− 4α4 ,
f
A,v
de61
= 8α
8τ
3
− 128α
6τ
9
+ 1
3
α4(38τ − 3) ,
f
A,v
de62
= −4α8τ + 80α
6τ
3
− 20α4(2τ − 1) ,
f
A,v
de63
= −4α7τ + 56α
5τ
3
− 32α
3τ
3
,
f
A,v
de64 = −2α8τ +
40α6τ
3
− 10α4(2τ − 1) ,
f
A,v
de71
= 14α
8
9
− 32α
6
3
+ 14α4 ,
f
A,v
de72
= −8α
8
3
+ 24α6 − 56α4 ,
f
A,v
de73
= −8α
7
3
+ 56α
5
3
− 32α3 ,
f
A,v
de74
= −4α
8
3
+ 12α6 − 28α4 ,
f
A,v
de81
= 14α
8
9
− 32α
6
3
+ 16α4 ,
f
A,v
de82
= −8α
8
3
+ 24α6 − 64α4 ,
f
A,v
de83
= −8α
7
3
+ 56α
5
3
− 32α3 ,
f
A,v
de84
= −4α
8
3
+ 12α6 − 32α4 .
7. Bv20
Bva = 32α2l3,3m3N − 32τl3,4m3N + 8Zl1,2mN , (B12a)
Bvb = −
α2m2N l1,2mN
2π2F 2π
fvb , (B12b)
Bvc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 (fB,vc1 l0,1 + fB,vc2 l1,2mN) , (B12c)
Bvde = gAm
2
N
16π2F 2π
( fB,v
de1
l1,1mN + fB,vde2 l1,3mN + fB,vde3 l1,8m3N
+ fB,v
de4
(l1,13 + l1,14)m2N
+ fB,v
de5
(l1,15 + l1,16)m2N
+ fB,vde6 (l1,18 + l1,19)mN) , (B12d)
f
B,v
c11 = −
10α6
3
− 6α4(τ˜ − 1) ,
f
B,v
c12 = 8α6 + 24α4(τ˜ − 1) + 8α2(τ˜ − 1)2 ,
f
B,v
c13 = 0 ,
f
B,v
c14 = −8α7 − 40α5(τ˜ − 1) − 40α3(τ˜ − 1)2 ,
f
B,v
c15 = 4α6 + 12α4(τ˜ − 1) + 4α2(τ˜ − 1)2 ,
f
B,v
c21 =
2
9
α6 (7τ˜4 − 28τ˜3 + 42τ˜2 − 37τ˜ − 14)
− 2
3
α4(τ˜ − 1) (7τ˜3 − 21τ˜2 + 21τ˜ + 11)
+ 4α2(τ˜ − 1)3 ,
f
B,v
c22 = −
8
3
α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 7τ˜ − 2)
+ 12α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 5τ˜ + 1)
− 4α2(τ˜ − 1)2 (τ˜2 − 4τ˜ − 1) ,
f
B,v
c23 =
20
3
α3(τ˜ − 1)4 − 8
3
α5(τ˜ − 1)4 ,
f
B,v
c24 = −8α7(τ˜ + 1)− 40α5(τ˜ − 1)(τ˜ + 1)
− 40α3(τ˜ − 1)2(τ˜ + 1) ,
f
B,v
c25 = −
4
3
α6 (τ˜4 − 4τ˜3 + 6τ˜2 − 7τ˜ − 2)
+ 6α4(τ˜ − 1) (τ˜3 − 3τ˜2 + 5τ˜ + 1)
− 2α2(τ˜ − 1)2 (τ˜2 − 4τ˜ − 1) ,
f
B,v
de11
= 2α
8
3
− 4α
6
9
− 13α
4
6
,
f
B,v
de12
= −α8 + 4α
6
3
+ 6α4 ,
17
f
B,v
de13
= −α7 − 2α
5
3
+ 8α
3
3
,
f
B,v
de14
= −α
8
2
+ 2α
6
3
+ 3α4 ,
f
B,v
de21
= −4α
8
3
+ 8α
6
9
+ 13α
4
3
,
f
B,v
de22
= 2α8 − 8α
6
3
− 12α4 ,
f
B,v
de23
= 2α7 + 4α
5
3
− 16α
3
3
,
f
B,v
de24
= α8 − 4α
6
3
− 6α4 ,
f
B,v
de31 = −
2
3
α10(7τ − 2) + 4
27
α8(229τ − 52)
− 2
9
α6(302τ − 39)+ 4
3
α4(22τ − 3) ,
f
B,v
de32
= 4
3
α10(4τ − 1) − 16
9
α8(26τ − 5)
+ 8
3
α6(46τ − 5) − 48α4(2τ − 1) ,
f
B,v
de33
= 4
3
α9(4τ − 1) − 8
9
α7(40τ − 7)
+ 16
9
α5(35τ − 2) − 64α3τ
3
,
f
B,v
de34
= 2
3
α10(4τ − 1) − 8
9
α8(26τ − 5)
+ 4
3
α6(46τ − 5) − 24α4(2τ − 1) ,
f
B,v
de41
= −5α
8
9
+ 44α
6
9
− 35α
4
3
,
f
B,v
de42
= 2α
8
3
− 20α
6
3
+ 20α4 ,
f
B,v
de43
= 2α
7
3
− 16α
5
3
+ 32α
3
3
,
f
B,v
de44
= α
8
3
− 10α
6
3
+ 10α4 ,
f
B,v
de51
= −14α
8
9
+ 32α
6
3
− 16α4 ,
f
B,v
de52
= 8α
8
3
− 24α6 + 64α4 ,
f
B,v
de53
= 8α
7
3
− 56α
5
3
+ 32α3 ,
f
B,v
de54
= 4α
8
3
− 12α6 + 32α4 ,
f
B,v
de61 = −
8α8
3
+ 128α
6
9
− 38α
4
3
,
f
B,v
de62
= 4α8 − 80α
6
3
+ 40α4 ,
f
B,v
de63
= 4α7 − 56α
5
3
+ 32α
3
3
,
f
B,v
de64
= 2α8 − 40α
6
3
+ 20α4 .
8. Cv2
Cva = −2l2,1mN , (B13a)
Cvb = 0 , (B13b)
Cvc = g
2
Am
2
N
16π2F 2π(1 − τ˜)4 (fC,vc1 l0,1 + fC,vc2 l1,2mN) , (B13c)
Cvde = gAm
2
N
16π2F 2π
( fC,v
de1
l1,1mN + fC,vde2 l1,3mN + fC,vde3 l1,8m3N
+ fC,vde4 (l1,13 + l1,14)m2N
+ fC,v
de5
(l1,15 + l1,16)m2N
+ fC,v
de6
(l1,18 + l1,19)mN) , (B13d)
f
C,v
c11 =
10α6u2
3
+ 4α4(τ˜ − 1)u2 ,
f
C,v
c12 = −8α6u2 − 16α4(τ˜ − 1)u2 ,
f
C,v
c13 = 0 ,
f
C,v
c14 = 8α7u2 + 32α5(τ˜ − 1)u2 + 16α3(τ˜ − 1)2u2 ,
f
C,v
c15 = −4α6u2 − 8α4(τ˜ − 1)u2 ,
f
C,v
c21 = −
7
18
α6(τ˜ − 1) − 2
3
α4(τ˜ − 1)2 ,
f
C,v
c22 =
2
3
α6(τ˜ − 1) + 2α4(τ˜ − 1)2 ,
f
C,v
c23 = 0 ,
f
C,v
c24 = −
2
3
α7(τ˜ − 1) − 10
3
α5(τ˜ − 1)2 − 8
3
α3(τ˜ − 1)3 ,
f
C,v
c25 =
1
3
α6(τ˜ − 1) + α4(τ˜ − 1)2 ,
f
C,v
de11
= α
8
6
− 8α
6
9
+ 19α
4
24
,
f
C,v
de12
= −α
8
4
+ 5α
6
3
− 5α
4
2
,
f
C,v
de13
= −α
7
4
+ 7α
5
6
− 2α
3
3
,
f
C,v
de14
= −α
8
8
+ 5α
6
6
− 5α
4
4
,
f
C,v
de21
= −α
8
3
+ α6 − α
4
4
,
f
C,v
de22
= α
8
2
− 2α6 + α4 ,
f
C,v
de23 =
α7
2
− α5 ,
f
C,v
de24
= α
8
4
− α6 + α
4
2
,
f
C,v
de31
= 1
6
α10(7τ − 4)+ 1
27
α8(104 − 157τ)
+ 1
3
α6(17τ − 13) ,
f
C,v
de32
= −2
3
α10(2τ − 1) + 4
9
α8(17τ − 10)− 4
3
α6(7τ − 5) ,
18
f
C,v
de33
= −2
3
α9(2τ − 1)+ 4
9
α7(11τ − 7) − 4
9
α5(5τ − 4) ,
f
C,v
de34
= 1
3
α10(1 − 2τ) + 2
9
α8(17τ − 10) − 2
3
α6(7τ − 5) ,
f
C,v
de41
= −5α
8
36
+ 2α
6
3
− α
4
4
,
f
C,v
de42
= α
8
6
− α6 + α4 ,
f
C,v
de43
= α
7
6
− 2α
5
3
,
f
C,v
de44
= α
8
12
− α
6
2
+ α
4
2
,
f
C,v
de51
= 7α
8
18
− 2α
6
3
,
f
C,v
de52
= 2α6 − 2α
8
3
,
f
C,v
de53
= 2α
5
3
− 2α
7
3
,
f
C,v
de54
= α6 − α
8
3
,
f
C,v
de61
= 2α
8
3
− 2α6 + α
4
2
,
f
C,v
de62
= −α8 + 4α6 − 2α4 ,
f
C,v
de63 = 2α5 − α7 ,
f
C,v
de64
= −α
8
2
+ 2α6 − α4 .
9. A˜v20
A˜va = 16α2l2,4m2N − 16τl2,5m2N + 4Zl0,2 , (B14a)
A˜vb = −
α2m2N l0,2
4π2F 2π
fvb , (B14b)
A˜vc = g
2
Am
2
N
16π2F 2π (1 − τ˜)4 f A˜,vc1 l0,2 , (B14c)
A˜vde = gAm
2
N
16π2F 2π
(f A˜,v
de1
l0,1 + f A˜,vde2 l1,2mN + f A˜,vde3 l1,17mN
+ f A˜,v
de4
(l1,4 + l1,5) + f A˜,vde5 (l1,9 + l1,10)m2N
+ f A˜,v
de6
(l1,11 + l1,12)m2N) , (B14d)
f
A˜,v
c11 = −
7
9
α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
+ 1
3
α4(τ˜ − 1)2 (7τ˜2 − 14τ˜ − 4) − 2α2(τ˜ − 1)3 ,
f
A˜,v
c12 =
4
3
α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
− 6α4(τ˜ − 2)(τ˜ − 1)2τ˜ + 2α2(τ˜ − 1)4 ,
f
A˜,v
c13 =
4
3
α5(τ˜ − 1)4 − 10
3
α3(τ˜ − 1)4 ,
f
A˜,v
c14 = −
8
3
α7(τ˜ − 1) − 34
3
α5(τ˜ − 1)2 − 20
3
α3(τ˜ − 1)3 ,
f
A˜,v
c15 =
2
3
α6(τ˜ − 1) (τ˜3 − 3τ˜2 + 3τ˜ + 1)
− 3α4(τ˜ − 2)(τ˜ − 1)2τ˜ + α2(τ˜ − 1)4 ,
f
A˜,v
de11 =
7α6
9
− 10α
4
3
,
f
A˜,v
de12
= 8α4 − 4α
6
3
,
f
A˜,v
de13
= 16α
3
3
− 4α
5
3
,
f
A˜,v
de14
= 4α4 − 2α
6
3
,
f
A˜,v
de21
= 5α
8
18
− 8α
6
9
− 5α
4
6
,
f
A˜,v
de22
= −α
8
3
+ 2α
6
3
+ 6α4 ,
f
A˜,v
de23
= 16α
3
3
− α
7
3
,
f
A˜,v
de24
= −α
8
6
+ α
6
3
+ 3α4 ,
f
A˜,v
de31
= 5α
8
9
− 16α
6
9
− 5α
4
3
,
f
A˜,v
de32
= −2α
8
3
+ 4α
6
3
+ 12α4 ,
f
A˜,v
de33
= 32α
3
3
− 2α
7
3
,
f
A˜,v
de34
= −α
8
3
+ 2α
6
3
+ 6α4 ,
f
A˜,v
de41
= 8α
4
3
− 14α
6
9
,
f
A˜,v
de42 =
8α6
3
− 8α4 ,
f
A˜,v
de43
= 8α
5
3
− 8α
3
3
,
f
A˜,v
de44
= 4α
6
3
− 4α4 ,
f
A˜,v
de51
= 8α
8τ
3
− 128α
6τ
9
+ 1
3
α4(38τ − 3) ,
f
A˜,v
de52
= −4α8τ + 80α
6τ
3
− 20α4(2τ − 1) ,
f
A˜,v
de53 = −4α7τ +
56α5τ
3
− 32α
3τ
3
,
f
A˜,v
de54
= −2α8τ + 40α
6τ
3
− 10α4(2τ − 1) ,
f
A˜,v
de61
= −2α4 ,
f
A˜,v
de62
= 8α4 ,
f
A˜,v
de63 = 0 ,
f
A˜,v
de64
= 4α4 .
19
10. B˜v20
B˜va = 32α2l3,1m3N − 32τl3,2m3N + 8Zl1,1mN , (B15a)
B˜vb = −
α2m2N l1,1mN
2π2F 2π
fvb , (B15b)
B˜vc = g
2
Am
2
N
16π2F 2π (1 − τ˜)4 (f B˜,vc1 l0,2 + f B˜,vc2 l1,1mN) , (B15c)
B˜vde = gAm
2
N
16π2F 2π
( f B˜,v
de1
l1,2mN + f B˜,vde2 l1,17mN
+ f B˜,v
de3
(l1,9 + l1,10)m2N
+ f B˜,v
de4
(l1,11 + l1,12)m2N) ,
(B15d)
f
B˜,v
c11 = −
80
3
α6u2 − 40α4(τ˜ − 1)u2 ,
f
B˜,v
c12 = 64α6u2 + 160α4(τ˜ − 1)u2 + 32α2(τ˜ − 1)2u2 ,
f
B˜,v
c13 = 0 ,
f
B˜,v
c14 = −64α7u2 − 288α5(τ˜ − 1)u2 − 224α3(τ˜ − 1)2u2 ,
f
B˜,v
c15 = 32α6u2 + 80α4(τ˜ − 1)u2 + 16α2(τ˜ − 1)2u2 ,
f
B˜,v
c21 =
14
9
α6(τ˜ − 1)4 − 14
3
α4(τ˜ − 1)4 − 4α2(τ˜ − 1)3 ,
f
B˜,v
c22 = −
8
3
α6(τ˜ − 1)4 + 4α4(τ˜ − 1)2 (3τ˜2 − 6τ˜ + 1)
− 4α2(τ˜ − 1)3(τ˜ + 1) ,
f
B˜,v
c23 =
20
3
α3(τ˜ − 1)4 − 8
3
α5(τ˜ − 1)4 ,
f
B˜,v
c24 = 8α5(τ˜ − 1)2 + 24α3(τ˜ − 1)3 ,
f
B˜,v
c25 = −
4
3
α6(τ˜ − 1)4 + 2α4(τ˜ − 1)2 (3τ˜2 − 6τ˜ + 1)
− 2α2(τ˜ − 1)3(τ˜ + 1) ,
f
B˜,v
de11
= −4α
8
3
+ 64α
6
9
− 19α
4
3
,
f
B˜,v
de12
= 2α8 − 40α
6
3
+ 20α4 ,
f
B˜,v
de13
= 2α7 − 28α
5
3
+ 16α
3
3
,
f
B˜,v
de14
= α8 − 20α
6
3
+ 10α4 ,
f
B˜,v
de21
= −8α
8
3
+ 100α
6
9
− 22α
4
3
,
f
B˜,v
de22
= 4α8 − 64α
6
3
+ 24α4 ,
f
B˜,v
de23
= 4α7 − 40α
5
3
+ 16α
3
3
,
f
B˜,v
de24
= 2α8 − 32α
6
3
+ 12α4 ,
f
B˜,v
de31
= 20α
6
9
− 32α
4
3
,
f
B˜,v
de32
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